Abstract. For hyperbolic flows over basic sets we study the asymptotic of the number of closed trajectories γ with periods T γ lying in exponentially shrinking intervals (x − e −δx , x + e −δx ), δ > 0, x → +∞. A general result is established which concerns hyperbolic flows admitting symbolic models whose corresponding Ruelle transfer operators satisfy some spectral estimates. This result applies to a variety of hyperbolic flows on basic sets, in particular to geodesic flows on manifolds of constant negative curvature and to open billiard flows.
Introduction
The purpose of this paper is to study the asymptotic behavior of the number of closed trajectories for hyperbolic flows ϕ t in compact invariant sets. It is known that if π(x) is the number of closed orbits with primitive period (length) not greater than x, we have the asymptotic
where h T > 0 is the topological entropy of the flow ϕ t . To get more precise results one has to impose some conditions on the flow. Thus, if ϕ t is a weak-mixing Axiom A flow restricted to a non-trivial basic set, Parry and Pollicott proved [PP] that
h T x , x → +∞.
(1.1)
This asymptotic generalizes the classical result of Margulis [M] for geodesic flows on manifolds of negative sectional curvature.
There are a lot of works concerning the analysis of the errors terms in (1.1) for different classes of dynamical systems as well as under different restrictions on the type of primitive closed trajectories considered (see [PP] , [PS2] , [PS3] , [PS4] , [L2] , [An] and the references there). For example, if ϕ t satisfies an approximative condition related to three primitive periods, Pollicott and Sharp [PS3] showed that there exists η > 0 such that
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On the other hand, for geodesic flows on negatively curved surfaces Pollicott and Sharp [PS2] proved a much sharper asymptotic:
where li (y) = y 2 1 log u du. This results is based on estimates of the dynamical zeta function derived from strong spectral estimates for the iterations of the Ruelle transfer operator [D] . Recently it was shown that (1.2) holds for more general dynamical systems for which strong spectral estimates for Ruelle transfer operators were established (see [St2] , [St3] , [St5] and Sections 7-9 below).
The purpose of this paper is to examine the number of closed trajectories with primitive periods lying in exponentially shrinking intervals (x − e −δx , x + e −δx ) (1.3) as x → ∞, where 0 < δ < h T . This question is closely related to the asymptotic behavior of sums of the form 4) where ψ n (t) (t ∈ R) are functions with exponentially small support as n → ∞, f > 0 is the so called roof function related to a given symbolic coding of the flow, σ is the shift in the corresponding symbol space, and f n (x) = f (x) + f (σx) + ... + f (σ n−1 x). This type of ergodic sums for hyperbolic flows have been studied by many authors in the case when ψ n is the characteristic function of an interval of the form 1 [a √ n,b √ n] (central limit theorems), 1 [a,b] or 1 [z+p n,z+q n] with n → 0 not very fast (see [DP] , [L1] , [PS5] ). Moreover, in these works one assumes that f dν = 0, ν being a probability measure invariant with respect to σ. In what follows below we simply replace f by g = f − f dν.
In this paper we deal with functions of the form ψ n (t) = 1 [z+αn+p n,z+αn+q n] (t) with p < q, n = e −δn , δ > 0. To obtain an asymptotic for (1.4), we apply strong spectral estimates of the form (1.5) for the iterations of Ruelle transfer operators (see [D] , [St2] , [St3] and Sects. 6-9). On the other hand, the estimate (1.2) is based on the analytic continuation of the dynamical zeta function Z(s) for s 0 − < Re s ≤ s 0 , > 0, s 0 being the abscissa of absolute convergence of Z(s), and this continuation is obtained exploiting again the estimates (1.5). The second problem we deal with concerns the asymptotic of the number of primitive closed orbits. To obtain such an asymptotic is more difficult than estimating the number of periodic points of shifts maps in abstract symbol spaces. Clearly in this case one has to estimate rather carefully the number of iterated periodic orbits involved in (1.4).
Strong spectral estimates of the form (1.5) are known to hold for hyperbolic flows on basic sets under certain additional regularity assumptions concerning the stable and unstable laminations over the basic set and under a local nonintegrability condition (LNIC) ( see Sect. 9) . The latter appears to be a rather weak condition and is expected to be satisfied in most (if not all) interesting cases. Indeed, it is already known that this condition is satisfied for contact Anosov flows ([St3]) , and for open billiard flows in R n satisfying a certain additional regularity assumption ([St4] ). In the present paper we show that (LNIC) always holds for arbitrary basic sets of geodesic flows on hyperbolic manifols of constant negative curvature (see Lemma 3 in Sect. 7 which has an independent interest since it implies (1.2)). In the latter case the stable/unstable laminations are smooth, so no extra regularity assumptions are necessary and the estimates (1.5) always hold.
To describe our results precisely we need to introduce some notation and definitions. Let κ 0 ≥ 2 be an integer and let A = (A(i, j)) A with the norms · ∞ , |·| θ and · θ = · ∞ +|·| θ (see Sect. 2 for details). For a real-valued g ∈ F θ (Σ + A ) let Pr(g) be the topological pressure of g with respect to σ (see Sect. 2). Then there exists a unique P g ∈ R such that Pr(−P g g) = 0. Consider the Ruelle operator
, this operator preserves the space F θ (Σ + A ) and it is bounded with respect to each of the norms · ∞ and · θ . We will denote by L g ∞ and L g θ the norm of the operator L g with respect to any of these, respectively. Apart from that, given a real-valued function f ∈ F θ (Σ + A ) and a, u ∈ R with u = 0, the operator L (a+iu)f is bounded on F θ (Σ + A ) with respect to the norm
Throughout the paper we will need the following Definition 1. We will say that the Ruelle transfer operators related to a real-valued function f ∈ F θ (Σ + A ) are weakly contracting if for every > 0 there exist constants a 0 > 0, ρ ∈ (0, 1) and A > 0 (possibly depending on f and ) such that
for all integers n ≥ 0.
The above property is similar to the so called strong spectral estimates for Ruelle operators related to basic sets of hyperbolic flows which we discuss in Sect. 9 below. There we also describe the conditions under which it is known that these estimates hold.
In the following we assume that f (x) > 0 for all x ∈ Σ + A and set
Let m 0 be the equilibrium state of −P f f . Then we have
where h(m 0 ) is the measure-theoretic entropy of m 0 with respect to σ.
Assuming that f is non-lattice (see Section 2), there exists σ 0 > 0 such that
(see [PP] ). Set
Given a constant δ > 0, let
For p < q and an integer n ≥ 1 set I(z, p, q; n ) = #{ξ ∈ Σ + A : there exists m ∈ N with σ m (ξ) = ξ and
Our first main result in this paper is the following Theorem 1. Assume that the real-valued function f ∈ F θ (Σ + A ) is non-lattice and the Ruelle transfer operators related to f are weakly contracting. Let n = e −δn with 0 < δ < − log ρ 3 , where 0 < ρ 1 < ρ < 1 is such that (1.5) holds and 0 < ρ 1 < 1 is the constant from Lemma 2 in Sect. 3 below. Then for any 0 ≤ z ≤ α and any p < q we have
as n → ∞, uniformly with respect to z.
Here the notation A(n) ∼ B(n) as n → ∞ means that lim n→∞ A(n) B(n) = 1 or equivalently A(n) = B(n)(1 + o(1)) with o(1) → 0 as n → ∞. We also prove the following Theorem 2. Under the assumptions of Theorem 1, assume that n = e −δn with 0 < δ < − (log ρ)α 3d 1
. Then for any 0 ≤ z ≤ α, any p < q and any fixed a > 0, setting r = π 4α
, we have
uniformly with respect to z.
The notation o a (1) means that the term o a (1) goes to 0 as n → ∞ but the convergence to 0 depends on a. As a simple consequence of the above results one obtains Corollary 1. Under the assumptions of Theorem 2 we have
Remark 1. If in the left-hand-side of (1.8) we take formally r a = √ 2n, then we would have the same order with respect to n in the right-hand-side and in the left-hand-side of (1.8). However, this leads to a remainder o a (1) for which we have no control as n → ∞ since a depends of n. In this direction the result of Theorem 1 is sharper, since we study the summation only over the periodic points x with σ n x = x.
The above results have natural consequences for hyperbolic flows. Here we state explicitly some of them. Given a smooth flow ϕ t : M −→ M on a Riemannian manifold M , denote by P the set of all primitive closed orbits of the flow, and for γ ∈ P let T γ be the period (length) of γ.
Let X = H n+1 /Γ be a hyperbolic manifold, where Γ is a convex cocompact Kleinian group of transformation in H n+1 , and let ϕ t : M = S * (X) −→ M be the geodesic flow on the unit cosphere bundle of X (see Sect. 7). Fix a Markov family R = {R i } k i=1 for ϕ t over Λ consisting of rectangles R i = [U i , S i ] such that the corresponding roof function τ is non-lattice, set U = ∪ k i=1 U i and let σ : U −→ U be the naturally defined shift map (see Sect. 6 for details). Let P = P τ ∈ R be such that Pr(−P τ ) = 0, where Pr is the topological pressure with respect to σ, and let m 0 be the equilibrium state of −P τ . Set α = U τ dm 0 , and let σ 0 > 0 be such that
We then prove the following Theorem 3. There exists 0 < ρ < 1 such that for every 0 < δ < − log ρ 3 , setting n = e −δn (n ∈ N), for any 0 ≤ z ≤ α and any p < q we have
as n → ∞, uniformly with respect to z. Moreover, an analogue of (1.8) holds with f replaced by τ , Σ
+
A by U and d 0 = min x∈U τ (x), d 1 = max x∈U τ (x). The constant ρ in the above theorem is such that the estimate (6.2) holds with ρ and 1/γ < ρ < 1 (see Sect. 6 for the definition of γ). Notice that for x ∈ U with σ n (x) = x, τ n (x) is the length of a periodic trajectory passing through x, if n is the smallest integer for which we have σ n (x) = x. Thus we may derive a lower bound of the number of periodic trajectories with primitive periods lying in the interval (z + nα + p n , z + nα + q n ) as n → ∞ and we deduce a more precise result applying (1.8).
A similar result holds for general hyperbolic flows over basic sets satisfying some regularity conditions (see Sect. 6).
Our final result concerns open billiard flows in the exterior of several strictly convex domains K 1 , . . . , K κ 0 in R N , N ≥ 2, satisfying some additional regularity conditions concerning the unstable and stable laminations through the non-wandering set (see Theorem 4 below and Sect. 8). Since this flows has a natural coding by using boundary components, in this case we get in a natural way results similar to Theorems 1 and 2 above. Namely, let A be the κ 0 × κ 0 matrix such that A(i, j) = 1 if i = j and A(i, j) = 0 otherwise. Consider the space Σ A of double sequences with entries in {1, . . . , κ 0 } (see Sect. 2). Given any ξ = (ξ j )
, and let m 0 be the equilibrium state of −P f f , where Pr(−P f f ) = 0. Set α = α f = f dm 0 . As before, there exists σ 0 > 0 such that
0 . Finally, let P be the set of primitive closed billiard trajectories and let P n ⊂ P be the set of those primitive closed billiard trajectories γ that have exactly n reflection points. Let n be defined by (1.6). Set
Then we have the following Theorem 4. Assume that the billiard flow ϕ t over its non-wandering set Λ has regular distortion along unstable manifolds, satisfies the condition (LNIC) and the local holonomy maps along stable laminations through Λ are uniformly Lipschitz (see Sect. 9 below). Then there exists δ 0 such that for 0 < δ < δ 0 for any 0 ≤ z ≤ α, and any p < q we have
uniformly with respect to z. Moreover, for any fixed a > 0, setting r = π 4α
, there exist constants C 0 > 0 and C 1 > 0 such that
In particular, the asymptotic (1.11) and the estimate (1.12) always hold when ϕ t satisfies the pinching condition (P) over Λ (see Sect. 8).
In fact, the condition (LNIC) (stated in Sect. 9 below) follows from the result in [St4] assuming that the local holonomy maps along stable laminations through Λ are C 1 (not just Lipschitz). The latter is always the case if the pinching condition (P) (stated in Sect. 8 below) is satisfied. As in Theorem 3, the constant δ 0 > 0 in the above theorem depends on ρ ∈ (0, 1) and 1/γ ∈ (0, 1) (see Sect. 6).
A similar result holds for other hyperbolic flows for which estimates similar to (1.5) are satisfied (see Sect. 9).
Sect. 2 contains a few basic definitions from symbolic dynamics. Sects. 3, 4 and 5 are the main sections in this paper -they are devoted to the proofs of Theorems 1 and 2. In Sect. 6 we consider general flows over basic sets (satisfying certain additional conditions) and prove analogues of Theorems 1 and 2 -see Theorem 5 there. The proof of the latter is essentially a repetition of the arguments used in Sects. 3-5 with minor changes only. Theorem 3 is derived as a consequence of Theorem 5 and Lemma 3 established in Sect. 7. Theorem 5 is also used in Sect. 8, where we prove Theorem 4. In Sect. 9 we describe the main result in [St3] concerning strong spectral estimates for Ruelle transfer operators which is used essentially in Sects. 6-8.
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Preliminaries
Let κ 0 ≥ 2 be an integer and let A = (A(i, j)) κ 0 i,j=1 be a κ 0 ×κ 0 matrix of 0's and 1's which is aperiodic, i.e. A M has strictly positive entries for some M ≥ 1. Consider the symbolic space
for all j }, with the product topology and the shift map σ :
and m is maximal with this property. In a similar way one deals with the one-sided subshift of finite type
where M σ is the set of all probability measures on Σ + A invariant with respect to σ and h(µ) is the measure-theoretic entropy of µ with respect to σ (see e.g. [PP] for more details). Notice that for small |u| we may define the pressure Pr(F + iuG) for real-valued functions F, G ∈ F θ (Σ + A ) since the Ruelle operator L F has a simple "maximal" eigenvalue (see Section 4 and Proposition 4.7 in [PP] ).
3. The case of a Markov shift
Assume that f is non-lattice and that the Ruelle transfer operators related to f are weakly contracting, so that (1.5) holds. As in Sect. 1, let P = P f be such that Pr(−P f ) = 0, and let m 0 be the equilibrium state of −P f so that
Below we will write simply P instead of P f since the function f is fixed in our considerations. Set α = f dm 0 and consider a sequence { n } n∈N , n > 0, n → 0 such that
, where ρ ∈ (ρ 1 , 1) is the constant that appears in (1.5) and 0 < ρ 1 < 1 is the constant from Lemma 2 below. Let χ :
n (x−z)) and g = f − f dm 0 , and note that g dm 0 = 0. We will study the behavior of
is the Fourier transform of χ. Introduce the function ω n (y) = e −ξy χ n (y) with ξ = −P . Then
and
where a > 0 will be chosen sufficiently small and c 1 sufficiently large. With this partition we have S(n) = I 1,n + I 2,n + I 3,n .
For periodic points we have the following Lemma which follows from the fact that Pr(−P f ) = 0 and the proof of the statement (ii) of Theorem 5.5 in [PP] . Lemma 1. There exists 0 < θ 1 < 1 and a > 0 such that for |u| ≤ a we have
Our choice of ξ = −P implies that ξg = −P f + P α and
Moreover, since g is non-lattice, we deduce
The representation of the sum
for |u| > a is more complicated and we will use the so called Ruelle's Lemma in the form proved in [W] . Let χ i be the characteristic function of the cylinder
.., κ 0 . Fix an arbitrary point x i ∈ C i . Then we have the following Lemma 2. There exists a constant ρ 1 ∈ (0, 1) such for a 0 > 0 and b 0 > 0 and every > 0 there exist constant C > 0 so that for |t| ≤ a 0 , |u| ≥ b 0 we have the estimate
This lemma was proved in [W] generalizing and completing some points of the proof of a similar lemma in [PS2] and [N] proved for surfaces and C 1 regular foliations. In our case we treat manifolds with arbitrary dimensions and (3.2) is established in [W] for functions f ∈ F θ (Σ + A ). Notice that in the setting of Sect. 6 we can choose ρ 1 = 1/γ, where γ is as in (6.1).
Asymptotic of S(n)
4.1. Asymptotic for |u| < a. We start with the analysis of I 1,n . Choosing a > 0 sufficiently small and changing the coordinates on (−a, a) to v =
, we can write
where
Modulo terms involving O(nθ n 1 ), the term I 1,n has the form
as n → +∞. Here we use the formula
and apply the Stirling approximation for Γ(m). On the other hand,
and we can estimate the integral of the right-hand-side by O( 1 n ). We refer to [PS1] for the details of this calculation. The integration of the perturbation O(nθ n 1 ) yields a negligible term and we conclude that
Notice thatχ(0) = χ(y)dy > 0.
4.2.
Asymptotic for a ≤ |u| ≤ c. First consider the integral
with c 1 sufficiently large which will be chosen below. Notice that L n −P f +iug = e −inuα L n −P f +iuf . Since −P f is non-lattice, for 0 < a ≤ |u| ≤ c the operator L −P f +iuf has no eigenvalues µ, |µ| = 1 (see for instance [PP] ) and the spectral radius of L −P f +iuf is strictly less than 1. Thus, there exist β = β(a, c), 0 < β < 1 and C a,c > 0 such that we have
On the other hand,
with c 0 > 0 depending on the support of χ. Using (4.2) and (4.3) with k = 0, for large n we get
Next to estimate the sum in the right hand side of (3.2) we choose small and we increase 0 < β < 1 , if necessary so that
ρ 1 e β j ≤ C a,c β n and we repeat the argument for the estimation of J 2,n . Finally, we get
4.3. Asymptotic for |u| > c. We apply lemma 2 with t = −P . In this case Pr(−P f ) = 0 and we must examine
It follows from (1.5) that if c is large enough we have for |u| > c and every ν > 0 the estimates
We choose η > 0 and ν > 0 small enough in order to arrange −δ ≥ log ρ 3+ν
For the sum over i = 1, ..., κ 0 we apply (4.5) with ν to estimate the . ∞ norm and for large n we get
j is dealt in the same way. First for small we arrange the inequality ρ 1 e ρ = θ 3 < 1 increasing, if it is necessary, 0 < ρ < 1 in (4.5). Then we have
Consequently,
and for large n we get
Thus, we conclude that
Consequently, for n → +∞ we obtain the following Proposition 1. Let f be non-lattice and such that the Ruelle transfer operators related to f are weakly contracting. Let n = e −δn , where 0 < δ < − log ρ 3 with 0 < ρ 1 < ρ < 1 such that (4.5) holds. Then
Now it is easy to pass from χ ∈ C k 0 (R) to an indicator function 1 [p,q] of the interval [p, q] repeating the argument in [PS5] . For completeness we give the proof. Given η > 0, choose cut-off functions χ − , χ
Using (4.6), we get
Since η > 0 is arbitrary, we deduce that for any z ∈ R we have
Moreover, the asymptotic is uniform for z in a compact interval. This proves Theorem 1.
To study the distribution of primitive periods we need to examine the function
where the summation is over all points x ∈ Σ + A such that n = min{m ∈ N : σ m x = x}. For this purpose observe that
Any x ∈ Fix (σ n ) defines a periodic n-orbit γ = {σ j (x) : 0 ≤ j ≤ n − 1}. We will say that γ is primitive if n ≥ 1 is the smallest integer with σ n (x) = x. The number T γ = f n (x) will be called the f -period of γ. Let P n be the set of all primitive periodic n-orbits.
For the f -periods of primitive periodic n-orbits γ ∈ P n , we must divide by n since γ contains n points in Fix (σ n ). Thus, by (4.7) we get an upper bound
To obtain a lower bound, we assume that h(m 0 ) > δ where h(m 0 ) = P α. Notice that
Thus it is sufficient to have an upper bound for S r (n). Consider a term in S r (n) having the form G n,m = σ m x=x, m minimal, n/m=k,k≥2
with some fixed divisor m ∈ N of n. Then for σ m x = x we get g km (x) = kf m (x) − kmα and for large n we have
We choose η > 0 so that 0 < η < h(m 0 ) − δ. Next we fix an integer k 0 ∈ N such that
we can apply (4.6) with m replaced by n and p = −1, q = 1. Thus,
Passing to the case (ii), notice that for k > k 0 we cannot guarantee that m = n/k goes to +∞ as n → ∞. For this reason we apply a crude estimate for the number of f -periods T γ of periodic rays γ. Namely, since f is non-lattice, we exploit the estimate for the number of primitive periods
where h T > 0 is the topological entropy of the suspended symbolic flow related to f (see [PP] ). This estimate is based on the analysis of the behavior of the following dynamical zeta function
(see for instance, [PP] ). Notice that in our case the abscissa of absolute convergence of Z(s) is exactly h T = P α. Thus, for 0 ≤
, q n ≤ q we get #{γ :
Summing over k 0 < k ≤ n/2 and taking into account (4.9), we obtain
Combining (4.10) and (4.11), we deduce
Finally, in S min (n) every periodic primitive orbit is counted n times and we obtain the asymptotic (1.11) for 0 < δ < min{− log ρ 3 , h(m 0 )}.
Remark 2. The analysis in this section follows the approach in [PS5] , Section 4. However, the argument in [PS5] exploits Lemma 4.2 there which is not proved and it seems that in that form the lemma is not correct. Our arguments are based on Lemmas 1 and 2 above. Moreover, the investigation of the case |u| > c with exponentially decreasing n seems impossible without using strong spectral estimates of the form (1.5).
Asymptotic of S(n, m)
In this section we study the counting function of primitive periodic orbits related to σ m x = x and having f -periods in the interval [z + nα + p n , z + nα + q n ], 0 ≤ z ≤ α. Let
The non-lattice condition on f implies d 0 < d 1 . We assume in this section that δ in (3.1) satisfies
If γ is a primitive periodic orbit with m points such that z +nα+p n ≤ T γ ≤ z +nα+q n , then md 0 ≤ T γ ≤ md 1 and
Using the notation of the previous section, we get
We consider three zones of integration: |u| ≤ a, a < |u| ≤ c, |u| ≥ c, where a is small enough and c is sufficiently large.
Repeating the argument of Section 4, we must study for sufficiently small b > 0 the integral
The only difference is the presence of the oscillatory factor
Notice that the leading term becomeŝ
for m satisfying (5.2). We will obtain a lower bound for number of the periods taking into account only the f -periods of periodic orbits related to σ m x = x for which
For such m we get
To obtain an upper bound for I m,n , note that
The analysis of lower order terms goes without any change and we obtain e P (z+nα)
The integral over b ≤ |v| ≤ c can be treated as in Section 4 since we have a factor n and m → ∞. In the analysis of the integral over |v| > c we must take into account that for the operators L m−j −P f +iuf in (3.2) the estimate (1.5) gives a decay with ρ m−j and not with ρ n−j .
On the other hand, m ≥ with some η > 0. Thus the analysis in the previous section goes without change and the integral over |v| > c yields negligible terms. To pass to an indicator function, we exploit the same argument as in the previous section to get
This completes the proof of Theorem 2.
Now we pass to the analysis of the counting function
As in the previous section we write S min (n, m) = S(n, m) − S r (n, m) and we will find an upper bound of S r (n, m). To do this, we will apply an argument similar to that used in Section 4 and we sketch below the necessary modifications. Let
We consider two cases: (i) 2 ≤ k ≤ k 0 , (ii) k > k 0 and we choose k 0 large enough in order to have (4.9). In the case (i), for fixed m satisfying (5.2), we consider the divisors s of m with σ s (x) = x and we apply (??) with p = −1, q = 1, replacing n by t and z by since t ≤ n/2. Then we repeat the argument in Section 4 and get a negligible term. For k > k 0 we apply again a crude estimate #{γ :
and we exploit (4.9). Summing with over 2 ≤ k ≤ (n+1)α 2d 0
, and then over m ≤ (n+1)α d 0 we obtain an upper bound for S r (n, m) and we conclude that S r (n, m) yields a negligible term. Consequently, for S min (n, m) we deduce the same estimates as in (??). For the counting function of the primitive periodic rays in P we must divide the upper bound of S min (n, m) by
and the lower bound of S min (n, m) by
Thus we obtain the estimates (1.12).
General hyperbolic flows over basic sets
Let ϕ t : M −→ M be a C 2 Axiom A flow on a C 2 complete (not necessarily compact) Riemannian manifold M . A ϕ t -invariant closed subset Λ of M is called hyperbolic if Λ contains no fixed points and there exist constants C > 0 and 0 < λ < 1 such that there exists a dϕ t -invariant decomposition
into a direct sum of non-zero linear subspaces, where E 0 (x) is the one-dimensional subspace determined by the direction of the flow at x, dϕ t (u) ≤ C λ t u for all u ∈ E s (x) and t ≥ 0, and dϕ t (u) ≤ C λ −t u for all u ∈ E u (x) and t ≤ 0. Here · is the norm on T x M determined by the Riemannian metric on M .
A non-empty compact ϕ t -invariant hyperbolic subset Λ of M which is not a single closed orbit is called a basic set for ϕ t if ϕ t is transitive on Λ and Λ is locally maximal, i.e. there exists an open neighbourhood V of Λ in M such that Λ = ∩ t∈R ϕ t (V ). When M is compact and M itself is a basic set, φ t is called an Anosov flow.
Let Λ be a basic set for ϕ t . For x ∈ Λ and > 0 sufficiently small, let
be the (strong) stable and unstable manifolds of size . Then
. Throughout this section we will assume that Λ is a basic set for ϕ t such that the local holonomy maps along stable laminations through Λ are uniformly Lipschitz (see Sect. 9 below). Following [R1] , a subset R of Λ will be called a rectangle if it has the form
where U and S are admissible subsets of W u (z) ∩ Λ and W s (z) ∩ Λ, respectively, for some z ∈ Λ (cf. e.g. [D] or Sect. 2 in [St3] ). For such R, given ξ = [x, y] ∈ R, we will denote
be a family of rectangles with
The family R is called complete if there exists T > 0 such that for every x ∈ Λ, ϕ t (x) ∈ R for some t ∈ (0, T ]. The Poincaré map P : R −→ R related to a complete family R is defined by P(x) = ϕ τ (x) (x) ∈ R, where τ (x) > 0 is the smallest positive time with ϕ τ (x) (x) ∈ R. The function τ is called the first return time associated with R. Notice that τ is constant on each of the set W
of rectangles in Λ is called a Markov family of size χ > 0 for the flow ϕ t if diam(R i ) < χ for all i and: (a) for any i = j and any x ∈ Int(R i ) ∩ P −1 (Int(R j )) we have
The existence of a Markov family R of an arbitrarily small size χ > 0 for ϕ t follows from the construction of Bowen [B] (cf. also Ratner [Ra] ).
be a Markov family for ϕ t over Λ. Setting U = ∪ k i=1 U i , the shift map σ : U −→ U is defined by σ = p • P, where p : R −→ U is the projection along the leaves of local stable manifolds. Let R be the set of all x ∈ R whose orbits do not have common points with the boundary of R. Set U = U ∩ R. It is well-known ( [B] ) that R is a residual subset of R that has full measure with respect to any Gibbs measure on R. The same applies to U in U .
Denote by C(U ) the space of bounded continuous functions h : U −→ C with the usual norm h ∞ = sup x∈U |h(x)|. Notice that τ is continuous on U , however in general τ could be discontinuous on U . Next, denote by C Lip (U ) the space of Lipschitz functions v : U −→ C. For such v let Lip(v) denote the Lipschitz constant of v, and for u ∈ R, u = 0, define
Remark 3. The function τ is locally Lipschitz on R in the following sense: there exists a constant Lip(τ ) > 0 such that if x, y ∈ R i for some i and σ(x), σ(y) ∈ R j for some j, then |τ (x) − τ (y)| ≤ Lip(τ ) d(x, y). The map P has a similar property. Moreover, it is easy to see that for any h ∈ C Lip (U ) and any s ∈ C the operator L h+s τ preserves the space C Lip (U ).
The hyperbolicity of the flow on Λ implies the existence of constants c 0 ∈ (0, 1] and
whenever σ j (u 1 ) and σ j (u 2 ) belong to the same U i j for all j = 0, 1 . . . , m. From now on we will assume that Λ is a fixed basic set for ϕ t and R = {R i } k i=1 is a fixed Markov family for ϕ t over Λ consisting of rectangles R i = [U i , S i ]. Let A = (A ij ) k i,j=1 be the matrix given by A ij = 1 if P(Int(R i )) ∩ Int(R j ) = ∅ and A ij = 0 otherwise. It is well-known ( [BR] ) that the Markov family R can be chosen so that τ is non-lattice. From now on we will assume that R is chosen in this way.
Given a Markov family R, one defines a natural symbol space Σ A and a natural map W : Σ A −→ R such that W • σ = P • W, where σ : Σ A −→ Σ A is the shift map. However, in general W is not one-to-one and this presents certain difficulties in trying to apply Theorems 1 and 2 to count numbers of periodic orbits in Λ. Instead of using the symbol space Σ A and the coding map W, here we just use the arguments from the proofs of Theorems 1 and 2 in a slightly different setting to derive similar results.
Using the setup in Sect. 1, let P = P τ ∈ R be such that Pr(−P τ ) = 0, where Pr is the topological pressure with respect to σ : U −→ U , and let m 0 be the equilibrium state of −P τ . Since τ is non-lattice, there exists σ 0 > 0 such that
As in Sect. 1, set α = U τ dm 0 .
In the present setting the analogue of Definition 1 reads the following.
Definition 3. We will say that the Ruelle transfer operators related to a real-valued function f ∈ C Lip (U ) are weakly contracting if for every > 0 there exist constants a 0 > 0, ρ ∈ (0, 1) and A > 0 (possibly depending on f and ) such that
. The following theorem comprises the analogues of Theorems 1 and 2 in the present setting.
Theorem 5. Assume that the Ruelle transfer operators related to τ are weakly contracting.
(a) Let n = e −δn with 0 < δ < − log ρ 3 , where 0 < 1/γ < ρ < 1 and (6.2) holds with ρ. Then for any 0 ≤ z ≤ α and any p < q we have
(b) Let n = e −δn with 0 < δ < − (log ρ)α 3d 1
4)
Proof. This is a repetition of the arguments in Sects. 3, 4 and 5. Here we give a very brief sketch of these for completeness. In the present setting R plays the role of Σ A and U that of Σ + A . Moreover, f = τ , which is constant on stable leaves of rectangles R i (i.e. f depends on future coordinates only). In general, τ is not continuous on U , however as mentioned in Remark 2 above, L sτ preserves the space C Lip (U ) for any s ∈ C.
Next, set g = τ − U τ dm 0 , choose the function χ as in Sect. 3, and define χ n , S n and ω n as in Sect. 3.1, where h T = P is the topological entropy of ϕ t on Λ and ξ = −h T . Lemma 2 applies in the present setting without change, so we have the inequality (3.2), as well with L (−P f +iu)f θ replaced by L (−P f +iu)f Lip . The argument at the end of Sect. 3 applies without change.
Next, the analytic arguments in Sect. 4 also apply without change and for f = τ the argument in Sect. 5 works without any change.
Geodesic flows on manifolds of constant negative curvature
Let X be a complete (not necessarily compact) connected Riemannian manifold of constant curvature K = −1 and dimension dim(X) = n + 1, n ≥ 1, and let ϕ t : M = S * (X) −→ M be the geodesic flow on the unit cosphere bundle of X. According to a classical result of Killing and Hopf, any such X is a hyperbolic manifold, i.e. X is isometric to H n+1 /Γ, where
is the upper half-space in R n+1 with the Poincaré metric ds
) and Γ is a Kleinian group, i.e. a discrete group of isometries (Möbius transformations) of H n+1 . See e.g. [Ratc] for basic information on hyperbolic manifolds. Given a hyperbolic manifold X = H n+1 /Γ, the limit set L(Γ) is defined as the set of accumulation points of all Γ orbits in ∂H n+1 , the topological closure of ∂H n+1 = {0} × R n including ∞. Throughout this section we will assume that Γ is torsion-free and finitely generated (then Γ is geometrically finite) and non-elementary, i.e. L(Γ) is infinite (then L(Γ) is a closed nonempty nowhere dense subset of ∂H n+1 without isolated points; see e.g. Sect. 12.1 in [Ratc] ). A geometrically finite Kleinian group with no parabolic elements is called convex cocompact. If X is compact, then Γ is called a cocompact lattice.
The non-wandering set Λ of ϕ t : M −→ M (also known as the convex core of X = H n+1 /Γ) is the image in M of the set of all points of S * (H n+1 ) generating geodesics with end points in L(Γ). When Γ is convex cocompact, the non-wandering set Λ is compact.
From now on we will assume that Γ is a non-elementary convex cocompact Kleinian group.
As in Sect. 6, let R = {R i } k i=1 be a fixed Markov family for ϕ t over Λ consisting of rectangles R i = [U i , S i ] such that the corresponding roof function τ is non-lattice. Let P = P τ ∈ R be such that Pr(−P τ ) = 0, where Pr is the topological pressure with respect to σ : U −→ U , and let m 0 be the equilibrium state of −P τ . Set α = U τ dm 0 , and let σ 0 > 0 be such that
Lemma 3. The Ruelle transfer operators related to τ are weakly contracting.
Now Theorem 3 follows from Lemma 3 and the arguments in Sect. 3-5 as we have obtained Theorem 5 in the previous section.
Proof of Lemma 3. We will use an argument from [St5] . Let p :
. Recall that the geodesics in H n+1 are either straight lines perpendicular to ∂H n+1 = {x ∈ R n+1 : x 1 = 0} or semi-circles with centers in ∂H n+1 whose planes are perpendicular to ∂H n+1 . It is known that the non-wandering set Λ ⊂ M of ϕ t has the form Λ =p(Λ), whereΛ is the set of those x ∈ S * (H n+1 ) such that both lim t→∞ φ t (x) and lim t→−∞ φ t (x) belong to the limit set L(Γ) of the group Γ. The assumptions made above imply that L(Γ) is a non-empty Γ-invariant closed subset of ∂H n+1 without isolated points (see Ch. 12 in [Ratc] ). A horosphere in H n+1 is either an n-sphere in H n+1 tangent to ∂H n+1 , or an n-plane in H n+1 parallel to ∂H n+1 . Let S be a horosphere and x ∈ S ∩ H n+1 . If S is an n-sphere, denote by ν S (x) the outward normal to S at x with ν S (x) = 1/x 1 , while if S is an n-plane, set
(−1, 0, . . . , 0). The stable and unstable manifolds for z = (x, ν S (x)) in S * (H n+1 ) are given by
so obviously the local stable and unstable foliations are smooth. The projections of the latter viap give the local stable and unstable foliations in M . It is also straightforward to check that ϕ t has uniform distortion along unstable manifolds over Λ.
To check this it is again enough to work on the universal cover H n+1 . Letz = (z, ζ) ∈ S * (H n+1 ) and t > 0. Since the isometry group of H n+1 is both point and direction transitive, we may assume that z = (1, 0, . . . , 0) and ζ = −e 1 . Then
Obviously, for any smooth curve γ in W u (z) of length γ , the length of φ t (γ) is exactly e t · γ . Thus, for anyx,ỹ ∈ W u (z) \ {z} we have
. Sincep is a local isometry conjugating the geodesic flows ϕ t and φ t , it follows that ϕ t has uniform distortion along unstable manifolds over Λ.
It remains to check the condition (LNIC) of Sect. 9 below. Again we will work on the universal cover H n+1 . Let θ 0 > 0 and assume 0 ∈ (0, 1). Fix an arbitrary z (0) ∈Λ. Replacing the group Γ by a conjugate of its, we may assume that z (0) = (x (0) , −e 1 ), where and E u (z (0) ) can be naturally identified with ∂H n+1 = {0} × R n . In what follows for any x = (x 1 , . . . , x n+1 ) ∈ H n+1 we denote x = (0, x 2 , . . . , x n+1 ) ∈ ∂H n+1 .
Consider an arbitraryẑ = (x, −e 1 ) ∈Λ∩W close to z (0) , and let b ∈ ∂H n+1 be a direction ofΛ-density atẑ, b = 1. Setting = min{ 0 /2, θ 0 /14} < 1 2 , (7.1) the above implies the existence of (ŷ, −e 1 ) ∈Λ ∩ W \ {ẑ} such that
Similarly, there existsz = (x, −e 1 ) ∈Λ ∩ W \ {ẑ} such that
andx is a fixed point of a hyperbolic (loxodromic) elementg of Γ (see e.g. Sect. 12.1 in [Ratc] ). Fixŷ andz = (x, −e 1 ) with the above properties. We then have
Next, changing the coordinate system in H n+1 if necessary we will assume thatx = (1, 0, . . . , 0). Theng has the formg = k A for some k > 0, k = 1, and an orthogonal transformation A in ∂H n+1 . Replacingg byg −1 if necessary, we will assume that k > 1. Considering the minimal A-invariant linear subspace of ∂H n+1 = R n containing b, one derives that there exists an infinite sequence 1 ≤ m 1 < m 2 < . . . < m p < . . . of integers such that A mp b → b as p → ∞. Choose p sufficiently large so that A mp b − b < and set m = m p and q =g m (ŷ ). Sinceŷ ∈ L(Γ) and L(Γ) is Γ-invariant, we have q ∈ L(Γ). We will assume m = m p is chosen so large that q = k m ŷ > 1 .
With this choice of q we have q/ q − b < 4 . (7.3) Indeed, using the choice of m and (7.2) it follows that
which proves (7.3). Fix m and q with the above properties. Next, denote byS the horosphere in H n+1 of radius 1/2 at 0 and by S 0 the horosphere at q externally tangent toS. Thenx ∈S and W s 0 (z) coincides with (a certain part of) the inward unit (with respect to the Poincaré metric) normal field toS. Let R be the radius of S 0 and u be the tangent point ofS and S 0 . Thenỹ = (u, ξ) ∈ W s 0 (z) for some vector ξ (assuming that q , and therefore R is chosen sufficiently large), and W u 0 (ỹ) coincides locally with the outward unit normal field to S 0 . Notice that lim t→∞ φ t (ỹ) = 0 ∈ L(Γ) and lim t→−∞ φ t (ỹ) = q ∈ L(Γ), so the definition ofΛ impliesỹ ∈Λ. Set = and consider an arbitrary z = (x, −e 1 ) ∈ W u (z); then x < . Let a ∈ ∂H n+1 and h ∈ R be such that a = 1, a, b ≥ θ 0 and |h| < . We will now show that (9.1) (see Sect. 9 below) holds with δ =
Let S be the horosphere of radius 1/2 at x ; then locally W s 0 (z) coincides with the inward unit normal field to S (see Figure 1) .
we have σ = (v, η) for some v ∈ S and φ t 1 (σ) ∈ W u 0 (ỹ). Thus, if S 1 is the horosphere at x tangent to S 0 (necessarily at the foot point of φ t 1 (σ)) and r 1 is the radius of S 1 , then t 1 = ln(2r 1 ). On the other hand, by elementary geometry, (R + r 1 ) 2 = q − x 2 + (R − r 1 ) 2 , so r 1 = q − x 2 /(4R) and therefore ∆(z,ỹ) = t 1 = ln q−x 2 2R . In the same way for ω = exp z (ha) = (x + ha, −e 1 ) one obtains ∆(ω,ỹ) = ln
Using the fact that | ln(1 + x)| ≥ |x|/2 for |x| < 1, one gets
and using a, b ≥ θ 0 we get
Moreover, q − x ≥ 1 − > 1/2, so |h|/ q − x < 2 which combined with the above, q − x ≤ q + < 2 q and (7.1) gives
for all h with |h| < . This proves that (LNIC) is fulfilled, thus completing the proof of Lemma 3.
Open billiard flows
In this section we prove Theorem 4. Let K be a subset of R N (N ≥ 2) of the form
Throughout this section we assume that K satisfies the following (no-eclipse) condition: (H) for every pair K i , K j of different connected components of K the convex hull of K i ∪ K j has no common points with any other connected component of K.
With this condition, the billiard flow ϕ t defined on the cosphere bundle S * (Ω) in the standard way is called an open billiard flow. It has singularities, however its restriction to the nonwandering set Λ has only simple discontinuities at reflection points. Moreover, Λ is compact, ϕ t is hyperbolic and transitive on Λ, and it follows from [St1] that ϕ t is non-lattice and therefore by a result of Bowen [B] , it is topologically weak-mixing on Λ.
Denote by A the κ 0 ×κ 0 matrix with entries A(i, j) = 1 if i = j and A(i, i) = 0 for all i, and define Σ A and Σ + A as in Sect. 1. Given ξ ∈ Σ A , let . . . , P −2 (ξ), P −1 (ξ), P 0 (ξ), P 1 (ξ), P 2 (ξ), . . . be the successive reflection points of the unique billiard trajectory in the exterior of K such that P j (ξ) ∈ K ξ j for all j ∈ Z. Set f (ξ) = P 0 (ξ) − P 1 (ξ) , and define the map Φ :
Then Φ is a bijection such that Φ • σ = B • Φ, where B : Λ ∂K −→ Λ ∂K is the billiard ball map. Choosing appropriately θ ∈ (0, 1), we have f ∈ F θ 2 (Σ A ) (see e.g. [I] ). By Sinai's Lemma (see e.g. [PP] ), there exists a functionf ∈ F θ (Σ A ) depending on future coordinates only and
As in the proof of Sinai's Lemma, for any k = 1, . . . , k 0 choose and fix an arbitrary sequence
Then we have
As before, let P = P f ∈ R be such that Pr(−Pf ) = 0 (then Pr(−P f ) = 0 as well), let m 0 be the equilibrium state of −P ff , and let
be a Markov family of rectangles with
s (z i )∩Λ, respectively, for some z i ∈ Λ (see Sect. 6 above). Taking χ sufficiently small, we may assume that each rectangle R i is 'between two boundary components' Γ p i and Γ q i of K, that is for any x ∈ R i , the first backward reflection point of the billiard trajectory γ determined by x belongs to Γ p i , while the first forward reflection point of γ belongs to Γ q i . Moreover, using the fact that the intersection of Λ with each cross-section to the flow ϕ t is a Cantor set, we may assume that the Markov family R is chosen in such a way that, apart from the standard properties (a) and (b) in Sect. 6, it also satisfies the following: (c) for any i = 1, . . . , k we have ∂ Λ U i = ∅.
Finally, partitioning every R i into finitely many smaller rectangles, cutting R i along some unstable leaves, and removing some rectangles from the family formed in this way, we may assume that (d) for every x ∈ R the billiard trajectory of x from x to P(x) makes exactly one reflection.
From now on we will assume that R = {R i } k i=1 is a fixed Markov family for ϕ t of size χ < 0 /2 satisfying the conditions (a), (b) from Sect. 6 and the above conditions (c) and (d). Define U = ∪ k i=1 U i and σ : U −→ U as in Sect. 6. As in Sect. 6, we will assume that R is chosen so that τ is non-lattice.
Under the conditions in Theorem 4 it follows from Theorem 6 in Sect. 9 below that the Ruelle transfer operators related to τ are weakly contracting. This allows to apply Theorem 6. One particular case when these conditions are satisfied concerns the following pinching condition:
(P): There exist constants C > 0 and α > 0 such that for every x ∈ Λ we have
for some constants α x , β x > 0 depending on x but independent of u with α ≤ α x ≤ β x and 2α x − β x ≥ α for all x ∈ Λ.
Notice that when N = 2 this condition is always satisfied. For N ≥ 3, (P) follows from certain estimates on the eccentricity of the connected components K j of K -see [St4] for a more precise result. It turns out that for n ≥ 3 the condition (P) is always satisfied when the minimal distance between distinct connected components of K is relatively large compared to the maximal sectional curvature of ∂K. According to general regularity results ( [H] ), (P) implies that W u (x) and W s (x) are C 1+δ in x ∈ Λ for some δ > 0. This and the main result in [St4] imply the following Proposition 2. Assume that the billiard flow ϕ t satisfies the pinching condition (P) on Λ. Then the Ruelle transfer operators related tof are weakly contracting.
Proof of Theorem 4. Assume that the conditions of Theorem 4 are satisfied. Then, as mentioned above, τ is non-lattice and the Ruelle transfer operators related to τ are weakly contracting, so we can apply Theorem 5 from Sect. 6.
Let A be the matrix defined in Sect. 6 using the Markov family R. As in Sect. 2 in [PeS] one defines a natural bijection S : Σ + A −→ Σ + A which commutes with the shifts. Apart from that there is a natural map W : U −→ Σ + A such that σ • W = W • σ. Let P τ ∈ R be such that Pr(−P τ τ ) = 0. It is easy to see that P τ = P f . Indeed, first notice that the map W is continuous (and therefore a homeomorphism) when U is considered with the Riemannian metric and Σ + A with the metric d θ , so Pr(−P τ τ • W −1 ) = 0 (see e.g. Theorem 9.8 in [Wal] ). Next, for r = τ • W −1 it follows from (3.4) in Sect.3 in [PeS] that there exists a continuous function µ : Σ + A −→ R such that r =f • S + µ • σ − µ. Thus, Pr(a r) = Pr(af ) for any a ∈ R (see e.g. [PP] ), so in particular, Pr(−P τf ) = 0, and therefore P τ = P f . In a similar way we see that if m 0 is the equilibrium state of −P τ τ on U , then α = Σ + Af dm 0 = U τ dm 0 . It remains to notice that if σ n (x) = x for some x ∈ U , and if n is the smallest integer with this property, then x generates a periodic billiard orbit γ with n reflection points and T γ = τ n (x). Every periodic billiard orbit with n reflection points is obtained in this way, and we get the same orbit from n different x. With this remark, using Theorem 5 from Sect. 6, we get the estimates (1.11) and (1.12).
Spectral estimates for Ruelle transfer operators
Let again ϕ t : M −→ M be a C 2 Axiom A flow and Λ be a basic set for φ t . For any x ∈ Λ, T > 0 and δ ∈ (0, ] set B u T (x, δ) = {y ∈ W u (x) : d(ϕ t (x), ϕ t (y)) ≤ δ , 0 ≤ t ≤ T } .
We will say that ϕ t has a regular distortion along unstable manifolds over the basic set Λ if there exists a constant 0 > 0 with the following properties: Part (a) of the above condition resembles the Second Volume Lemma of Bowen and Ruelle [BR] about balls in Bowen's metric; this time however we deal with diameters instead of volumes. Sect. 8 in [St3] describes a rather general class of flows on basic sets satisfying this condition. In fact, there are reasons to believe that this may actually hold for all C 2 flows on basic sets -see the comments in Sect. 1 in [St3] .
In the special case when the flow satisfies the pinching condition (P) over Λ (see Sect. 8, where it is stated for open billiard flows; for general flows on basic sets it is similar), it follows from Theorem 7.1 in [St3] that ϕ t has a regular distortion along unstable manifolds over Λ. As we mentioned in Sect. 8 above, when the local unstable manifolds are onedimensional (P) is always satisfied. For open billiards (see Sect. 8 again) the condition (P) is always satisfied when the minimal distance between distinct connected components of K is relatively large compared to the maximal sectional curvature of ∂K. An analogue of the latter for manifolds M of strictly negative curvature would be to require that the sectional curvature is between −K 0 and −a K 0 for some constants K 0 > 0 and a ∈ (0, 1). It follows from the arguments in [HP] that when a = 1/4 the geodesic flow on M satisfies the pinching condition (P) .
In what follows we deal with flows ϕ t over basic sets Λ having a regular distortion along unstable manifolds. Apart from that, we impose an additional local non-integrability condition (LNIC) which we state below.
It follows from the hyperbolicity of Λ that if 0 > 0 is sufficiently small, there exists 1 > 0 such that if x, y ∈ Λ and d(x, y) < 1 , then W for every integer m > 0 and every h ∈ C Lip (U ). In particular the spectral radius of L F −(P (F )+a+ib)τ on C Lip (U ) does not exceed ρ.
As an immediate consequence of this theorem we get the following (see [D] or Corollary 3.3 in [St2] ):
Corollary 2. Under the assumptions of Theorem 6, the Ruelle transfer operators related to τ are weakly contracting.
